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Sposto R, Cullings HM. The Use of Joint Models in
Analysis of Aggregate Endpoints in RERF Cohort Studies.
Radiat Res. 201, 304–309 (2024).

In radiation risk estimation based on the Radiation Effects
Research Foundation (RERF) cohort studies, one common
analysis is Poisson regression on radiation dose and background
and effect modifying variables of an aggregate endpoint such as
all solid cancer incidence or all non-cancer mortality. As
currently performed, these analyses require selection of a
surrogate radiation organ dose, (e.g., colon dose), which
could conceptually be problematic since the aggregate endpoint
comprises events arising from a variety of organs. We use max-
imum likelihood theory to compare inference from the usual
aggregate endpoint analysis to analyses based on joint analysis.
These two approaches are also compared in a re-analysis of
RERF Life Span Study all cancer mortality. We show that,
except for a trivial difference, these two analytic approaches
yield identical inference with respect to radiation dose response
and background and effect modification when based on a single
surrogate organ radiation dose. When repeating the analysis
with organ-specific doses, an interesting issue of bias in inter-
cept parameters arises when dose estimates are undefined for
one sex when sex-specific outcomes are included in the aggre-
gate endpoint, but a simple correction will avoid this issue.
Lastly, while the joint analysis formulation allows use of organ-
specific doses, the interpretation of such an analysis for infer-
ence regarding an aggregate endpoint can be problematic. To
the extent that analysis of radiation risk for an aggregate end-
point is of interest, the joint-analysis formulation with a single
surrogate dose is an appropriate analytic approach, whereas
joint analysis with organ-specific doses may only be interpret-
able if endpoints are considered separately for estimating dose
response. However, for neither approach is inference about
dose response well defined. � 2024 by Radiation Research Society

INTRODUCTION

The Life Span Study (LSS) of the Radiation Effects
Research Foundation (RERF) is used to estimate the added

risk of cancer and non-cancer incidence or mortality due
to exposure to ionizing radiation (1–5). Analyses of LSS
data can include those based on aggregate disease end-
points, such as all solid cancer incidence, all solid cancer
mortality, or all non-cancer mortality, usually supple-
mented by analyses of selected organ-specific endpoints.
As currently performed, the analysis of these aggregate
endpoints involves selection of a surrogate, representative
dose, typically colon dose [e.g., (2)]. Conceptually this
might be viewed as unsatisfactory since the individual end-
points that comprise the aggregate endpoint can arise from
organs different from the surrogate organ dose (e.g., occur-
rence of breast cancer or occurrence of thyroid cancer, arising
from organs anatomically distinct from the colon). Also, it is
not clear that colon is the organ most representative of the
entirety of organs, or of organs that seem to be susceptible to
radiation-induced cancer, as it is one of the deepest organs
in the body and therefore has the lowest ratio of neutron to
gamma-ray dose (6).
To the extent that analyses of radiation risk on aggre-

gate disease endpoints are of interest, it is possible to for-
mulate these analyses instead as joint analysis in which
events arising from different organs are treated individu-
ally (7). In this paper, we compare the usual formulation
with an alternative joint formulation of the analysis of
aggregate endpoints, first using analytic methods, specifi-
cally maximum likelihood theory, and then in a reanalysis
of all solid cancer mortality data from Report 14 of the
RERF Life Span Study (4). We also discuss the implica-
tions of using a representative dose versus organ specific
doses in such analyses.

METHODS

Analytic Comparison of the Usual Formulation and the Alternative
Joint Formulation

Analyses of RERF cancer incidence, cancer mortality, and non-
cancer mortality have typically been based on Poisson regression meth-
ods (8, 9) using a summary of the data into a table comprising a large
number of cells cross-classified into categories of variables such as age
at exposure, radiation dose, sex, etc., with, within each cell, accumulated
person-years of exposure and numbers of events, as well as categorical
values or person-year-weighted means of variables that are used as
covariates in analysis.

1 Corresponding author address: Department of Statistics, Radiation
Effects Research Foundation, 5-2 Hijiyama Park, Minami Ku, Hiroshima
City, 732-0815, Japan; email: rsposto@rerf.or.jp.
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Let

• i reference cells in the person-year table, i ¼ 1, . . . l;
• Pi be the number of person-years accumulated in cell i;

• j reference a specific mode of failure (e.g., stomach cancer mortal-
ity) j¼ 1; . . . ; J;

• yij be the number of cases of mode j in cell i;

• Xi be a covariate vector of length p associated with cell i;

• bj be the parameter vector of length p for mode j for covariate vector
Xi;

• aj be the scalar intercept parameter for failure mode j.

Note that Pi is the same for all modes of failure j, as follow-up is
censored for occurrence of any of the modes of failure. Xi, which can
include person-year weighted means of continuous variables, will
also be the same for all failure modes.

Letting the rate function kðXi; aj; bjÞ¼xðajÞhðXi;bjÞ; the most

general Poisson likelihood isY
i

Y
j

½PixðajÞhðXi;bjÞ�yij e�PixðajÞhðXi ;bjÞ

yij!

In the case of an aggregate endpoint, we are interested in fitting
a model that is agnostic to the failure mode j, in this case
k Xi; a; bð Þ¼x að ÞhðXi;bÞ for scalar parameter a and p-vector
parameter b. Letting x að Þ¼x and h Xi;bð Þ¼ hi to simplify
notation, the usual formulation of this problem uses the Poisson

likelihood based on yi:¼
X

j
yij, with log-likelihood

lU ¼
X

i
yi� ln Pixhið Þ � Pixhi � lnðyi�!Þ

� �
(1)

whereas an alternative joint formulation (assuming aj ¼a and bj ¼ b
for all j) is based on yij with log-likelihood

lA ¼
X

i

X
j
yij ln Pixhið Þ � Pixhi � ln yij!ð Þ� �

¼
X

i
yi� ln Pixhið Þ � JPixhi

� ��
X

i

X
j
lnðyij!Þ (2)

where subscripts U and A will denote “usual” and “alternative.”
We assume that x �ð Þ and h �; �ð Þ are twice differentiable and mono-

tone functions with respect to a and the elements of b. Let x0
and x00 be the first and second derivatives of x with respect to a,
and h0i be the first partial derivative 13 p matrix and h00i the sec-
ond partial derivative p3 p matrix of hi with respect to the ele-
ments of b. The score equations with respect to parameters a and
b are:

l
að Þ
U ¼

X
i

yi�
x0

x
� Pix

0hi

� �

l
bð Þ
U ¼

X
i

yi�
h0i
hi
� Pixh

0
i

� �

and

l
að Þ
A ¼

X
i

yi�
x0

x
� JPix

0hi

� �

l
bð Þ
A ¼

X
i

yi�
h0i
hi
� JPixh

0
i

� �
:

Note that l
bð Þ
U and l

bð Þ
A represent p equations each, one for each partial

derivative with respect to the elements of b. Denoting the solutions

to l
xð Þ
U ¼ 0 and l

bð Þ
U ¼ 0 with hat (̂ ) and the solutions to l

xð Þ
A ¼ 0 and

l
bð Þ
A ¼ 0 with tilde (~), then

x̂¼ y��X
i
Piĥi

and

~x¼ y��

J

X
i
Pi
~h i

Substituting these quantities into the corresponding bð Þ score equa-
tions yields

l
ðb̂Þ
U ¼

X
i

yi�
ĥ0i
ĥi

� y��
Piĥ

0
iX

r
Pr ĥr

8<
:

9=
;

and

l
~bð Þ

A ¼
X

i

yi�
~h0i
~hi

� y��
Pi
~h 0iX
r
Pr
~hr

8<
:

9=
;:

As these last two equations are identical, it follows that b̂¼ ~b, i.e.,
the maximum likelihood estimates of b are identical in these two for-
mulations. Furthermore, x̂¼ J~x.

It is shown in the appendix that in the special case where
x að Þ¼ ea, (i.e., ln link), the estimated variance-covariance matrix is
identical in the two formulations, so that precision estimates of the maxi-
mum likelihood estimates of b are identical in the two formulations.

Use of Organ-Specific Doses

An interesting issue arises when one considers the use of organ-
specific doses when sex-specific endpoints are included in analysis,
since organ doses for incongruous sex/site combinations (such as
uterine dose for males or prostate doses for females) will be unde-
fined, and as a result the corresponding person-year table cells, which
can contain no positive event counts in any case, would be excluded
in a joint analysis of an aggregate endpoint. We initially thought that
this indicated that the person-years for these sex/site combinations
should also be excluded from an analysis even using a single surro-
gate dose, reasoning that males cannot accumulate person-years at
risk for female-specific cancers and vice versa. However, this is not
correct, as it is a fact that men are not at risk for female cancers and
women are not at risk for male cancers, so that these person-years of
follow-up should be included when discussing aggregate endpoints
such as all solid cancer incidence. By excluding these cells, the
included data are no longer completely representative of the popula-
tion of interest and this can lead to bias in estimates of sex-specific
background parameters in the sense that the resulting estimates are
no longer consistent for the same values as in the standard analysis of
the aggregate endpoint. In order to make a fair comparison between a
joint analysis using surrogate dose with a joint analysis using organ
specific doses, it is necessary to correct for the exclusion of the cells
with incongruous sex/site combinations.

In Eq. (2) above we assumed implicitly that all modes of failures (j)
had the same number of contributing cells (i). Alternatively, let Iij be a 0/
1 indicator of whether a cell i is included for failure mode j, where cells
with Iij ¼ 0 are those that contribute person years but cannot contribute
cases (i.e., yij ¼ 0), such as those from incongruous sex/site combinations
with undefined dose estimates. Equation (2) can be rewritten as

lA ¼
X

i

X
j

yij ln Pixhið Þ � Pixhi � ln yij!ð Þ� �

¼
X

i

X
j

Iij yij ln Pixhið Þ � Pixhi � ln yij!ð Þ� �

�
X

i

J � Ii�:ð ÞPixhi
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¼
X

i
yi� ln Pixhið Þ � Ii�Pixhi

� ��
X

i

X
j

lnðyij!Þ

�
X

i

J � Ii�:ð ÞPixhi

since by definition Iijyij ¼ yij and Iij ln yij!ð Þ¼ ln yij!ð Þ. Ii� is the number
of modes of failure included for cell i. The first two terms on the right-
hand side (RHS) of line 3 comprise the objective function that is maxi-
mized if the cells with Iij ¼ 0 are excluded. This is different from Equa-
tion 2 and therefore can yield estimates that differ compared to the
standard analysis. However, if we re-weight the person-years Pi by a
correction factor J=Ii�; then, the first term on the RHS becomes

l�A ¼
X

i

yi� ln
J

Ii�
Pixhi

� �
� Ii�

J

Ii�
Pixhi

� �
�
X

i

X
j

lnðyij!Þ

¼
X

i

yi� ln Pixhið Þ � JPixhi
� �þ

X
i

yi�ln
J

Ii�

� �

�
X

i

X
j

lnðyij!Þ

This objective function will yield the same score equations as Eq. (2)
above, and hence the same maximum likelihood estimates.

Poisson Regression Reanalysis of all Solid Cancer Mortality

RERF Life Span Study Report 14 (4) all solid cancer mortality
data were reanalyzed to illustrate the differences and similarities
between these analytic formulations.

The source data comprise a 53,782 cell person-year table summariz-
ing outcome of 86,661 LSS subjects stratified by city (Hiroshima, Naga-
saki), sex (male, female), ground distance from hypocenter (,3 km,
3–10 km), Adult Health Study (AHS) participation (not AHS, AHS
original cohort, AHS additional cohort), age at exposure (5-year catego-
ries), attained age (5-year categories), calendar time (5-year categories),
DS02 colon dose with RBE¼ 10 weighting (22 categories).

The total of 10,929 solid cancer deaths comprise deaths from each of
17 individual causes of solid cancer death: esophagus, stomach, colon,
rectum, liver, gallbladder, pancreas, other digestive, lung, breast, uterus,
ovary, prostate, bladder, kidney, other urinary, and other solid cancer.
Organ-specific radiation doses were also included for each of these can-
cer sites as shown in Table 1. As the current RERF dosimetry system
only provides dose estimates for 15 distinct organs (10), a surrogate
dose was assigned for some organs, as per Ozasa et al. (4). A complete
description of this study cohort can be found in Ozasa et al. (4).

Note that uterine, ovary, and prostate cancers are sex specific, occur-
ring in either males or females only. Breast cancer, while predominantly
occurring in women, was not considered sex specific as it does rarely
occur in men, breast dose is defined for men, and deaths from male breast
cancer were reported in the LSS. Testicular cancer should be treated as
sex-specific, but these were included in the “other solid cancer” category
in the Ozasa et al. (4) data and could not be separated out in this analysis.

For joint analysis, the person-year table was replicated for each of
the 17 causes of death, creating a 914,294-cell table with an addi-
tional factor indicating the organ-specific cause (7).

A linear excess relative risk Poisson regression model of the form

k X0;D;X1ð Þ¼ eaþX0b0 1þ bDDe
X1b1

� 	
was fit, with dependent variable the number of solid cancer deaths,
scalar parameters a and bD, and vector parameters b0 and b1.

The independent variables were

X0 comprising:

• city (Nagasaki),

• sex (Female),

• ln(attained age (years)/70),

• ln(attained age/70)2,

• ln(attained age/70)2 for attained age. 70,

• age at exposure (years) – 30,

D: RBE 10 weighted DS02 radiation dose in Gy,

X1 comprising:

• age at exposure – 30,

• ln(attained age/70),

• sex (Female).

Note that this model differs from that used in Ozasa et al. table 4 (4) in
that in the background is not parametrically modelled but rather stratified.
In addition, the sex effect modifier was a multiplicative factor 1þ r � s
where s¼ 1 for males and s¼ � 1 for females, whereas we use an indi-
cator for female sex. The parametric background model we used was sim-
ilar to that shown by Grant et al. (2). Our analysis results are essentially
equivalent but not identical to those of Ozasa et al. (4).

Five different analyses were performed:

1. Dependent variable total solid cancer deaths, colon dose [usual
formulation].

2. Dependent variable organ specific solid cancer deaths, colon
dose [alternative formulation].

3. Dependent variable organ specific solid cancer deaths, colon dose,
cells corresponding to incongruent sex/site combinations are excluded
(i.e., mortality from uterine and ovarian cancer for males, and mortality
from prostate cancer for females), without the person-year correction
factor described above. [alternative formulation].

4. Same as 3, but with the person-year correction factor described
above. [alternative formulation].

5. Same as 4, but using organ specific dose rather than colon dose
[alternative formulation].

Excess relative risk models were fit using the gnm package in R
(11) using R functions written for this purpose (12).

TABLE 1
DS02 Organ Doses Assigned to Specific Organ Sites

Organ site DS02 Organ Dose

Esophagus* Stomach

Stomach Stomach

Colon Colon

Rectum* Bladder

Liver Liver

Gall bladder* Liver

Pancreas Pancreas

Other digestive system* Colon

Lung Lung

Breast Breast

Uterus Uterus

Ovary Ovary

Prostate* Bladder

Bladder Bladder

Kidney* Colon

Other urinary* Colon

Other solid tumor* Colon

Note. *Denotes organ sites for which a surrogate organ dose was
used (please see text).
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RESULTS

The parameter estimates and standard errors from these
five analyses are shown in Table 2. Analysis 1 is the usual
analysis based on solid cancer deaths summed over all types,
as per Eq. (1), and Analysis 2 is the alternative joint analysis
corresponding to Eq. (2). Note that, except for the intercept
parameter, the parameter estimates and their standard errors
are identical in the two analyses. The intercept parameter is
the a in x að Þ¼ ea. Since the number of different cancer

sites is 17, per the previous section, e4:59¼ 173 e1:76, so

adding ln 17ð Þ to the intercept estimate of Analysis 2 gives
the intercept estimate of the usual analysis, Analysis 1, and
since adding a constant has no effect on the standard error,
adjusting the Analysis 2 intercept estimate in this way makes
Analysis 1 and Analysis 2 identical.
In comparing our analysis to that of Ozasa et al. (4) table

4, because of the different parametrization of the sex effect
modifier, our ERR estimate of 0.232, which refers to males,

should be multiplied by 1
2
1þ e0:928ð Þ to yield a so-called

sex-averaged estimate of 0.4094, similar to 0.42 reported in
Ozasa et al. (4).
In Analysis 3, the cells corresponding to incongruent sex/

site combinations are dropped – 25,068 cells each for ovar-
ian and uterine cancer death in males, and 28,714 cells for
prostate cancer death in females. Comparing Analysis 3 to
Analysis 2, while other parameter estimates are not affected
by this change, the intercept and sex background modifier
parameters are affected, with a 14% difference in the former
and 7% difference in the latter on the natural scale.
Analysis 4 applies the person-year correction factor and

yields estimates that are numerically identical to those in
Analysis 2. Analysis 5 differs from Analysis 4 only in that
organ doses specific to the cancer type (Table 1) are used

rather than the surrogate colon dose. Here dose response
and a number of other parameter estimates differ, but only
slightly compared to Analyses 2 and 4.

DISCUSSION

In this paper, we prove analytically and demonstrate by
example that a joint analysis formulation of an aggregate dis-
ease endpoint will yield identical inference to the usual
approach when using a single surrogate representative dose.
Use of joint analysis for an aggregate endpoint has negligible
impact on analytic complexity, requiring only an expanded
person-year table which could also be used for site specific
analyses that usually are also performed.
Our analysis revealed an issue of possible bias in estimates

of sex-specific background parameters that results if sex-
specific outcomes are included but cells with incongruous
sex/site combinations are excluded. In our example, other
parameters, notably radiation dose response parameters, were
unaffected. Whether and to what extent this would be the case
with other model parameterizations that may include interac-
tions between sex and other variables is unclear. The bias can
be corrected with a simple person-year correction factor.
Joint analysis has been advocated in the past as a way

coherently to analyze multiple endpoints (7) for the reasons
that such analyses allow sharing of parameters in models of
different cancer types, allowing formal significance tests for
differences in parameters among cancer types, the ability to
formulate unified models, and the use of organ-appropriate
radiation dose estimates. This last could be especially rele-
vant when RERF adopts the new organ dosimetry that is cur-
rently being developed, as this will provide specific doses
for a much larger collection of organ sites (13), each having
much different ratios of neutron to gamma-ray doses (6).

TABLE 2
Parameter Estimates and Standard Errors from Five Different Analyses

Analysis 1 Analysis 2/4 Analysis 3 Analysis 5

Parameter Estimate (S.E) Estimate (S.E) Estimate (S.E) Estimate (S.E)

Intercept 4.59 (0.0189) 1.76 (0.0189) 1.89 (0.0189) 1.76 (0.0189)

Intercept (adjusted)* – – 4.59 (0.0189) 4.72 (0.0189) 4.59 (0.0189)

X0 : city (Nagasaki) 0.0234 (0.0210) 0.0234 (0.0210) 0.0234 (0.0210) 0.0243 (0.0210)

X0 : sex (Female) –0.680 (0.0212) –0.680 (0.0212) –0.744 (0.0212) –0.681 (0.0213)

X0 : log(attained age/70) 4.57 (0.125) 4.57 (0.125) 4.57 (0.125) 4.57 (0.125)

X0 : log(attained age/70)2 –0.386 (0.229) –0.386 (0.229) –0.386 (0.229) –0.372 (0.228)

X0 : log(attained age/70)2 age . 70 –2.37 (0.936) –2.37 (0.936) –2.37 (0.936) –2.38 (0.935)

X0 : age at exposure - 30 0.0185 (0.00734) 0.0185 (0.00734) 0.0185 (0.00734) 0.0191 (0.00735)

D: dose (Gy) 0.232 (0.0454) 0.232 (0.0454) 0.232 (0.0454) 0.239 (0.0445)

X1 : age at exposure - 30 –0.0929 (0.0676) –0.0929 (0.0676) –0.0929 (0.0676) –0.104 (0.0654)

X1 : log (attained age/70) –1.97 (0.391) –1.97 (0.391) –1.97 (0.391) –1.86 (0.382)

X1 : sex (Female) 0.928 (0.204) 0.928 (0.204) 0.928 (0.204) 0.921 (0.196)

Analysis 1 ¼ Usual analysis using colon dose. Analysis 2 ¼ Joint analysis using colon dose. Analysis 3 ¼ Joint analysis using colon dose,
incongruent sex/site cells excluded, person-years are not adjusted with correction factor. Analysis 4 ¼ Joint analysis using colon dose, incon-
gruent sex/site cells excluded, person-years are adjusted using correction factor. Analysis 5 ¼ Joint analysis using organ-specific dose, incon-
gruent sex/site cells excluded, person-years are adjusted using correction factor. *Intercept estimate adjusted by adding ln(# sites) ¼ ln(17)
(please see text). (Analysis 2 and Analysis 4 results are combined, as they are numerically identical.)
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Broadly speaking, the concept of dose response for an

aggregate endpoint using a surrogate dose is ill defined.

There is no exposure in the real world that is uniform to

all tissues, and all exposures are different. Even in a con-

stant radiation field for external exposure, for example,

organ doses depend on the person’s size, orientation, age,

sex, and other physiological features. When discussing

the increased risk to an individual of, say, solid cancer

mortality from 1 Gy colon dose exposure, there is an

implicit but unstated assumption that the relationship

between colon dose and doses to other organs is approxi-

mately constant in ratio for all individuals. This means,

though, that in applying models based on RERF cohorts to

aggregate endpoint risk in other cohorts based on the sur-

rogate dose, one is again assuming implicitly that the

same relationship between other organ doses and the sur-

rogate dose obtains. In this case the surrogate dose simply

serves as a useful index without any clear biological rele-

vance to the aggregate outcome.
Joint analysis of an aggregate endpoint using organ specific

doses, as also discussed in this paper, is even less well defined.

On the one hand it is not clear to what the dose term in the pre-

diction model refers. On the other hand, this analysis is simply

the most parsimonious joint model that can be fit to such data,

and in this sense is admissible, although it is very unlikely that

a final joint model would share all background, dose response,

and effect modifier parameters among endpoints so that the

model could be interpreted as relevant to any of the individual

endpoints. The use of organ specific doses in joint analysis

may really only makes sense when dose response parameters

are estimated separately for individual disease sites or disease

groups that share the same organ dose.
The event rate function for an aggregate endpoint derives

from a combination of endpoint-specific population rate func-

tions, each of which is based on organ specific dose, and

which, even if having the same underlying functional form,

will have different background, dose response, and/or effect

modifier parameters. Recognizing this underlying heterogene-

ity, there are other ways to construct a risk model for an

aggregate endpoint. For example, one could fit individual and

independent parametric models of the rate function for each

specific endpoint, or alternatively fit a joint model with some

shared and some endpoint-specific parameters, as suggested

by Pierce and Preston (7). The resulting endpoint-specific rate
functions could be summed to obtain the rate function appli-

cable to the aggregate endpoint. If each endpoint-specific

model is an accurate description of the failure process for that

endpoint, then the resulting predictions from the summed fail-

ure rate models are coherent in that they derive directly from

those of these individual models. Even though prediction

might still be indexed by a surrogate organ dose, the method

would allow utilization of different implicit ratios of each

organ dose to the surrogate dose when applying RERF results

to populations where these ratios may differ significantly.

These approaches are worthy of further study.

APPENDIX

For the usual formulation, since

x̂¼ y��P
rPrĥr

:

the estimated information matrix components are

l â
ð Þ âð Þ
U ¼

X
i

yi�
x̂00x̂ � x̂0x̂0

x̂2
� Pix̂

00ĥi

� �

¼ �
x̂0x̂0 P

rPrĥr

 �2

y��

l
âð Þ b̂ð Þ
U ¼ �

X
i

Pix̂
0ĥ0i

l
b̂ð Þ b̂ð Þ

U ¼ �
X
i

yi�
ĥ00i ĥi � ĥ0Ti ĥ

0
i

ĥ2i
� Pix̂ĥ

00
i

( )

¼ �
X
i

yi�
ĥ00i ĥi � ĥ0Ti ĥ

0
i

ĥ2i
� y��

Piĥ
00
iP

rPr ĥr

( )
:

Similarly, for the alternative formulation, since

~x¼ y��
J
P

rPr
~hr

the estimated information matrix components are

l
~að Þ ~að Þ
A ¼

X
i

yi�
~x00~x � ~x0~x

~x
� JPi~x

00ĥi

� �

¼ � J2
~x0~x0 P

rPr
~hr


 �2

y��

l
~að Þ ~bð Þ
A ¼ � J

X
i

Pi~x
0~h

0
i

l
~bð Þ ~bð Þ

A ¼ �
X
i

yi�
~h
00
i
~hi � ~h

0T
i
~h
0
i

~h
2

i

� JPi~x~h
00
i

8<
:

9=
;

¼ �
X
i

yi�
~h
00
i
~hi � ~h

0T
i
~h
0
i

~h
2

i

� y��
Pi
~h
00
iP

rPr
~hr

8<
:

9=
;:

In the special case where x að Þ¼ ea, i.e., ln link, then
x¼x0 ¼x00, and

l â
ð Þ âð Þ
U ¼ l

âð Þ b̂ð Þ
U ¼ l

~að Þ ~að Þ
A ¼ l

~að Þ ~bð Þ
A ¼ � y��;

and since b̂¼ ~b, the entire estimated information matrix, as
well as its inverse, the estimated variance-covariance matrix,
are identical in the two formulations.
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